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Braided monoidal categories
Category C with a monoidal structure ⊗, the ”tensor product”, and a natural
isomorphism σM,N : M ⊗ N → N ⊗M such that

M N ⊗ O

N ⊗ O M

=

M N O

N O M

M ⊗ N O

O M ⊗ N

=

M N O

O M N

M N O

O N M

=

M N O

O N M
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Quasitriangular bialgebras and universal R-matrices
Given a bialgebra (H,∆, ε) its category of representations (let’s say left H-modules)

HM is monoidal with
h · (m ⊗ n) := ∆(h)(m ⊗ n)

for h ∈ H, m ∈ M, n ∈ N, where M,N ∈ HM.

Theorem (Drinfel’d-Majid ’90)

(HM,⊗) is braided if and only if H is quasitriangular, i.e. ∃ R ∈ H ⊗H invertible s.t.

(∆⊗ idH)(R) = R13R23, (idH ⊗∆)(R) = R13R12

and ∆op(·) = R∆(·)R−1. Then σR
M,N(m ⊗ n) := Rop · (n ⊗m).

Note: σ is symmetric, i.e. σ2 = id if and only if R is triangular, i.e. R−1 = Rop.

Example

i.) Every cocommutative (i.e. ∆ = ∆op) Hopf algebra is triangular with
R = 1⊗ 1. For example k[G ] for any group G and Ug for any Lie algebra g.

ii.) Group algebra C[Zn] n-cyclic group Zn = Z/nZ. Triangular structure

R = 1
n

∑n−1
j,k=0 e

− 2πijk
n g j ⊗ gk . For n = 2: ”supergeometry braiding”.

iii.) The Drinfel’d double D(H) = H∗ ⊗ H of a finite-dim. Hopf algebra H is
quasitriangular w.r.t. R = (1⊗ ei )⊗ (e i ⊗ 1).
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R̃ ∈ (H ⊗ H)[[ℏ]] ∼= H̃⊗̂H̃ quasitr. structure on topological bialgebra H̃ = H[[ℏ]].
⇒ R̃ = R+O(ℏ) gives quasitriangular bialgebra (H,R) and we can write

R̃ = R(1⊗ 1 + ℏχ+O(ℏ2)).

What are the properties of χ ∈ H ⊗ H?

Definition (Infinitesimal R-matrix and pre-Cartier bialgebra (H,R, χ))

means (H,R) quasitriangular and χ ∈ H ⊗ H s.t. χ∆(·) = ∆(·)χ and

(idH ⊗∆)(χ) = χ12 +R−1
12 χ13R12, (∆⊗ idH)(χ) = χ23 +R−1

23 χ13R23.

If also Rχ = χopR, we call (H,R, χ) Cartier bialgebra.

Proposition

(H,R, χ) is pre-Cartier bialgebra iff there is a natural transformation
t : M ⊗ N → M ⊗ N on HM such that

tM,N⊗L = tM,N ⊗ L+ (σ−1
M,N ⊗ L)(N ⊗ tM,L)(σM,N ⊗ L)

tM⊗N,L = M ⊗ tN,L + (M ⊗ σ−1
N,L)(tM,L ⊗ N)(M ⊗ σN,L).

Moreover, Rχ = χopR iff σM,N ◦ tM,N = tN,M ◦ σM,N .

We call braided categories (C, σ) with such transformation pre-Cartier (resp. Cartier).
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Some comments on the definition...

• For σ a symmetric braiding with σ ◦ t = t ◦ σ we recover the known notion of
Cartier category. [Cartier ’93, Kassel ’95, Heckenberger-Vendramin ’22]

• The infinitesimal R-matrices χ of (H,R) form a vector space.

• If H is commutative it follows that χ is an inf. R-matrix iff χ ∈ P(H)⊗ P(H)
and (H,R, χ) is Cartier if furthermore χop = χ.

Example

If (g, [·, ·], r) is a quasitriangular Lie bialgebra,
then χ := r + rop is an infinitesimal R-matrix of (Ug, 1⊗ 1).

Example (Sweedler’s 4-dim Hopf algebra)

Generators g , x with g2 = 1, x2 = 0, xg = −gx , ∆(g) = g ⊗ g , ∆(x) = x ⊗ 1+ g ⊗ x .
Triangular structure R0 = 1

2
(1⊗ 1 + g ⊗ 1 + 1⊗ g − g ⊗ g).

Note: ∃ exhausting 1-parameter family Rλ of triangular structures.

∃ exhausting 1-parameter family χα := αxg ⊗ x of infinitesimal R-matrices.
They are Cartier iff α = 0.
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Induced structure

Proposition

If (H,R, χ) is (pre-)Cartier bialgebra and F ∈ H ⊗ H a Drinfel’d twist, then
(HF ,FopRF−1,FχF−1) is (pre-)Cartier bialgebra.

Example (Sweedler’s 4-dim Hopf algebra)

There is a 1-parameter family of Drinfel’d twist Ft := 1⊗ 1 + t
2
xg ⊗ x . We have

(Rλ)Ft = Rλ +
t

2
(x ⊗ xg + x ⊗ x + xg ⊗ xg − xg ⊗ x)

(χα)Ft = χα

Proposition

Let f : H → H′ be a bialgebra map. If (H,R, χ) is (pre-)Cartier (quasi)triangular,
then so is (f (H), (f ⊗ f )(R), (f ⊗ f )(χ)).

Corollary

(R, χ) descends to any bialgebra quotient H/I .
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The role of Hochschild cohomology

Theorem (Ardizzoni-Bottegoni-Sciandra-TW ’23)

Let (H,R, χ) be a pre-Cartier quasitriangular bialgebra. Then

i.) χ is a Hochschild 2-cocycle, i.e. χ12 + (∆⊗ id)(χ) = χ23 + (id⊗∆)(χ).

ii.) χ satisfies the infinitesimal quantum Yang-Baxter equation

R12χ12R13R23 +R12R13χ13R23 +R12R13R23χ23

= R23χ23R13R12 +R23R13χ13R12 +R23R13R12χ12.

This generalizes a result of [Majid ’97] for (Ug, 1⊗ 1)
with (g, [·, ·], r) quasitriangular Lie bialgebras as before.

If (H,R, χ) is a pre-Cartier quasitriangular Hopf algebra, define γ := S(χi )χi ∈ H,
the Casimir element, where χ = χi ⊗ χi . It follows that γ is central!

Proposition (Ardizzoni-Bottegoni-Sciandra-TW ’23)

If (H,R, χ) is a Cartier triangular Hopf algebra, then χ = b1( γ
2
) is a Hochschild

2-coboundary, where b1(h) := 1⊗ h −∆(h) + h ⊗ 1.
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Dually, the corepresentation category (let’s say right comodules) (MH ,⊗) of a
bialgebra H is braided iff there is a universal R-form R : H ⊗ H → k.

In this case σM,N(m ⊗ n) = n0 ⊗m0R(m1 ⊗ n1), where ∆M(m) =: m0 ⊗m1, etc.

We define infinitesimal R-forms as the algebraic structures on (H,R) s.t. (MH ,⊗, σ)
is a pre-Cartier braided category.

Definition (Pre-Cartier coquasitriangular bialgebra (H,R, χ))

An infinitesimal R-form of a coquasitriangular bialgebra (H,R) is a linear map
χ : H ⊗ H → k s.t. χ(h1 ⊗ h′1)h2h

′
2 = h1h′1χ(h2 ⊗ h′2) and

χ(id⊗ µ) = χ12 +R−1
12 ∗ χ13 ∗ R12

χ(µ⊗ id) = χ23 +R−1
23 ∗ χ13 ∗ R23,

where ∗ denotes the convolution product. We call (H,R, χ) pre-Cartier.
If also R ∗ χ = χop ∗ R we call (H,R, χ) Cartier.

All statements about pre-Cartier quasitriangular bialgebras admit a dual statement for
pre-Cartier coquasitriangular bialgebras.
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Quantum 2× 2-matrices

Let q ∈ C be non-zero. Define Mq(2) as the free algebra generated by α, β, γ, δ
modulo the Manin relations

αβ = qβα, αγ = qγα, βδ = qδβ, γδ = qδγ,

βγ = γβ, αδ − δα = (q − q−1)βγ.

Bialgebra structure ∆

(
α β
γ δ

)
=

(
α β
γ δ

)
⊗

(
α β
γ δ

)
, ε

(
α β
γ δ

)
=

(
1 0
0 1

)
.

Coquasitriangular structure

R


α⊗ α β ⊗ β α⊗ β β ⊗ α
γ ⊗ γ δ ⊗ δ γ ⊗ δ δ ⊗ γ
α⊗ γ β ⊗ δ α⊗ δ β ⊗ γ
γ ⊗ α δ ⊗ β γ ⊗ β δ ⊗ α

 = q−
1
2


q 0 0 0
0 q 0 0
0 0 1 q − q−1

0 0 0 1

.

Proposition (Ardizzoni-Bottegoni-Sciandra-TW ’23)

There is a non-trivial infinitesimal R-form χ := ∂q ⊗ ∂q on (Mq(2),R), making the
latter Cartier, i.e. with R ∗ χ = χop ∗ R in addition.

Above, ∂q : Mq(2) → C is defined on homogeneous elements ξ ∈ Mq(2) of degree |ξ|
by ∂q(ξ) := |ξ|ε(ξ). It satisfies the Leibniz rule ∂q(ξη) = ∂q(ξ)ε(η) + ε(ξ)∂q(η) and is
central, i.e. ∂q(ξ1)ξ2 = ξ1∂q(ξ2).
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The quantum groups GLq(2) and SLq(2)

We denote the quantum determinant by detq := αδ − qβγ and define

GLq(2) := Mq(2)[θ]/(θdetq − 1), SLq(2) := Mq(2)/(detq − 1).

It is known that GLq(2), SLq(2) are coquasitriangular Hopf algebras with bialgebra
structure and R induced from Mq(2).

Define ∂̂q : GLq(2) → C by ∂̂q |Mq(2) = ∂q and ∂̂q(θn) = −2n.

Proposition

(GLq(2),R, χ) is a Cartier coquasitriangular bialgebra with χ := ∂̂q ⊗ ∂̂q .

Note that χ = ∂q ⊗ ∂q does not descend to SLq(2), since e.g.

χ(α⊗ detq) = 2ε(α2δ)− 2qε(αβγ) = 2 ̸= 0 = χ(α⊗ 1).

Moreover, we show

Proposition

(SLq(2),R) has no non-trivial infinitesimal braiding.
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FRT construction

A braided vector space (V , c) is a vs V with an invertible solution c ∈ Endk(V ⊗ V )
of the braid equation c12c23c12 = c23c12c23.

Assume V finite-dim. and choose basis v1, . . . , vN . Set of indeterminates {T j
i }1≤i,j≤N .

⇒ The free algebra F = k{T j
i }1≤i,j≤N is a bialgebra

with ∆(T j
i ) = T k

i ⊗ T j
k (sum over k understood) and ε(T j

i ) = δji .

Define ckℓij ∈ k by c(vi ⊗ vj ) = ckℓij vk ⊗ vℓ and denote by I (c) two-sided ideal in F
generated by

C kℓ
ij := cmn

ij T k
mT

ℓ
n − Tm

i T n
j c

kℓ
mn

and the quotient (bialgebra!) by A(c) := F/I (c). Coaction vi 7→ T j
i ⊗ vj .

Theorem (Faddeev-Reshetikhin-Takhtajan ’89)

For each finite-dim braided vector space (V , c) there is a unique coquasitriangular
structure R on A(c) s.t. R(T k

i ⊗ T ℓ
j ) = ckℓji .
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Infinitesimally braided vector spaces

We call (V , c, t) infinitesimally braided vector space if (V , c) is finite-dim braided vs
and t ∈ Endk(V ⊗ V ) s.t.

c23t12c
−1
23 = c−1

12 t23c12 = c−1
23 t12c23 = c12t23c

−1
12 , (1)

[t23, c12t23c
−1
12 ] = [t12, t23] = [c23t12c

−1
23 , t12]. (2)

Remark

If c is the tensor flip, then (1) are trivially satisfied and (2) become the “infinitesimal
pure braid relations” [Kohno ’87].

Example

Every braided vs (V , c) is infinitesimally braided via t = λ · idV⊗V , λ ∈ k.

Example (Braided vs of diagonal type)

Let V be braided vs with c(vi ⊗ vj ) = qijvj ⊗ vi for some qij ∈ k \ {0}.
Then (V , c) is infinitesimally braided with t(vi ⊗ vj ) = pijvi ⊗ vj for arbitrary pij ∈ k.
We have also a more general (exhaustive) solution.
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Let (V , c, t) be an infinitesimally braided vector space. Denote by I (t) the 2-sided
ideal in A(c) generated by

Dkℓ
ij := tmn

ij T k
mT

ℓ
n − Tm

i T n
j t

kℓ
mn

and the quotient algebra by A(c, t) := A(c)/I (t).

Theorem (Ardizzoni-Bottegoni-Sciandra-TW ’23, Infinitesimal FRT)

For (V , c, t) there is a unique infinitesimal R-form χ : A(c, t)⊗ A(c, t) → k with
χ(T k

i ⊗ T ℓ
j ) = tkℓij s.t. (A(c, t),R, χ) is pre-Cartier coquasitriangular.

Proposition (Canonical infinitesimal braiding on (A(c),R))

For every braided vs (V , c) the coquasitriangular bialgebra (A(c),R) admits a
1-parameter family of infinitesimal braidings

χλ(T
j1
i1
. . .T jm

im
⊗ T ℓ1

k1
. . .T ℓn

kn
) = λmnε(T j1

i1
. . .T jm

im
T ℓ1
k1

. . .T ℓn
kn

)

such that (A(c),R, χλ) is Cartier. Mq(2) example arises this way!

Proposition

If (H,R, χ) is pre-Cartier coquasitriangular and V a left H-comodule, then (V , c, t) is
infinitesimally braided vs, where c(v ⊗ v ′) := R(v ′

−1 ⊗ v−1)v ′
0 ⊗ v0,

t(v ⊗ v ′) := χ(v−1 ⊗ v ′
−1)v0 ⊗ v ′

0.
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Some details on the inf. FRT proof
(H,R) coquasitriangular bialgebra. Define left and right actions ▷,◁ : H ⊗ H → H by

a ▷ b := R−1(a1 ⊗ b1)b2R(a2 ⊗ b3),
a ◁ b := R−1(a1 ⊗ b1)a2R(a3 ⊗ b2).

Lemma

The following formulas are satisfied for all a, b, c ∈ H.

a ▷ (bc) = (a1 ▷ b1) ((a2 ◁ b2) ▷ c) , (ab) ◁ c = (a ◁ (b1 ▷ c1)) (b2 ◁ c2) ,

ε (a ◁ b) = ε (a) ε (b) = ε (a ▷ b) .

χ(a⊗ bc) = χ(a⊗ b)ε(c) + χ(a ◁ b ⊗ c) (3)

χ(ab ⊗ c) = ε(a)χ(b ⊗ c) + χ(a⊗ b ▷ c) (4)

Proposition

Let C be a coalgebra together with two actions ▷ : TC ⊗ TC → TC and
◁ : TC ⊗ TC → TC such that Lemma above holds true for all a, b, c ∈ TC and such
that TC ▷ C⊗n ⊆ C⊗n and C⊗n ◁ TC ⊆ C⊗n. Then every linear map
χ11 : C ⊗ C → k induces a linear map χ : TC ⊗ TC → k satisfying (3) and (4).
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Theorem (Tannaka-Krein, see e.g. [Ulbrich ’90])

C braided monoidal category, ω : C → Vecf strong monoidal functor to finite-dim.
vector spaces. Then there exists a coquasitriangular bialgebra (H,R) and a strong
braided monoidal functor Ω: C → MH

f s.t.

C MH
f

Vecf

Ω

ω
F

where F is the forgetful functor.

Theorem (Ardizzoni-Bottegoni-Sciandra-TW ’23, Infinitesimal Tannaka-Krein)

If C is a (pre-)Cartier braided monoidal category then the reconstructed bialgebra
(H,R, χ) is (pre-)Cartier.

Proof.

Homk(H ⊗ H, k) ∼= Nat(ω ⊗ ω, ω ⊗ ω ⊗ k) and χ : H ⊗ H → k corresponds to

ω(X )⊗ ω(Y ) → ω(X ⊗ Y )
ω(tX,Y )
−−−−−→ ω(X ⊗ Y ) → ω(X )⊗ ω(Y ) → ω(X )⊗ ω(Y )⊗ k
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Open questions and future research

• Deformation problem: We have seen that R̃ on (trivial) topological bialgebra
H̃ = H[[ℏ]] gives infinitesimal braidings χ for (H,R) via

R̃ = R(1⊗ 1 + ℏχ+O(ℏ2)). (5)

Given any pre-Cartier quasitr. bialgebra (H,R, χ) is there a quasitriangular
structure R̃ on H̃ such that (5) holds, i.e. such that R̃ “quantizes” χ?

Very preliminary result: for Sweedler’s Hopf algebra H we have a quasitriangular
structure R̃ := R exp(ℏχ) = R(1⊗ 1 + ℏχ) on H̃.

Remark

By Etingof-Kazhdan this also works for (Ug, 1⊗ 1, χ = r + rop), where (g, r)
quasitriangular Lie bialgebra (note that bialgebra str. of H̃ is deformed non-trivially!).

• Noncommutative differential geometry from infinitesimal braidings:
The axioms of (H,R, χ) determine a vector field calculus for every (co)module
algebra of H. Work in progress: go from symmetric Riemannian geometry
(which is well-understood) to braided Riemannian geometry by first solving the
“first-order approximation” determined by χ.
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Thank you for your attention!
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