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Part 1: Definitions
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The field k , the algebraic set X , and the main result
1 Let k be an algebraically closed field of characteristic 0 and

X “ tpλ1, . . . , λdq P kd | r1pλ1, . . . , λdq “ . . . “ rnpλ1, . . . , λdq “ 0u

be the algebraic set defined by r1, . . . , rn P krx1, . . . , xds.

2 Ultimately I will only speak about the example of the cusp

tpλ1, λ2q P k2 | λ3
1 ´ λ2

2 “ 0u

from the title page and explain what the following means, and why
Myriam and I think it is plausible, true, interesting, and nontrivial:

Theorem (K., Mahaman 2023)
The differential operators on the cusp form an involutive Hopf algebroid.

Ulrich Krähmer (TU Dresden) Diferential operators on the cusp QMUL 14/07/23 3 / 26



The field k , the algebraic set X , and the main result
1 Let k be an algebraically closed field of characteristic 0 and

X “ tpλ1, . . . , λdq P kd | r1pλ1, . . . , λdq “ . . . “ rnpλ1, . . . , λdq “ 0u

be the algebraic set defined by r1, . . . , rn P krx1, . . . , xds.
2 Ultimately I will only speak about the example of the cusp

tpλ1, λ2q P k2 | λ3
1 ´ λ2

2 “ 0u

from the title page and explain what the following means, and why
Myriam and I think it is plausible, true, interesting, and nontrivial:

Theorem (K., Mahaman 2023)
The differential operators on the cusp form an involutive Hopf algebroid.

Ulrich Krähmer (TU Dresden) Diferential operators on the cusp QMUL 14/07/23 3 / 26



The commutative k-algebras A and krX s

1 Throughout, A is a commutative k-algebra.
2 The guiding example is the coordinate ring of X ,

krX s :“ krx1, . . . , xds{
a

xr1, . . . , rny.

Here xSy � R denotes the ideal generated by a subset S of a (unital
associative) ring R and

?
I “ ta P R | Dl : al P I u is the radical of

an ideal I � R in a commutative ring R .
3 Hilbert’s Nullstellensatz identifies the elements f P krX s with the

regular functions X Ñ k ; the generators xi are the coordinates

xi : X Ñ k , pλ1, . . . , λdq ÞÑ λi .
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The field kpX q

1 From now on we assume that X is an affine variety (is
irreducible), that is, that krX s is an integral domain.

2 For a plane curve (d “ 2, n “ 1) this means that the defining
polynomial r1 P krx1, x2s is irreducible, as is the case for the cusp.

3 The field of rational functions X Ñ k is the quotient field

kpX q :“ t
f

g
| f , g P krX s, g ‰ 0u.

4 For the cusp, we have a k-algebra isomorphism

kpX q – kptq “ t
f

g
| f , g P krts, g ‰ 0u, x1 ÞÑ t2, x2 ÞÑ t3.

So the cusp is birationally isomorphic to the affine line k .

Ulrich Krähmer (TU Dresden) Diferential operators on the cusp QMUL 14/07/23 5 / 26



The field kpX q

1 From now on we assume that X is an affine variety (is
irreducible), that is, that krX s is an integral domain.

2 For a plane curve (d “ 2, n “ 1) this means that the defining
polynomial r1 P krx1, x2s is irreducible, as is the case for the cusp.

3 The field of rational functions X Ñ k is the quotient field

kpX q :“ t
f

g
| f , g P krX s, g ‰ 0u.

4 For the cusp, we have a k-algebra isomorphism

kpX q – kptq “ t
f

g
| f , g P krts, g ‰ 0u, x1 ÞÑ t2, x2 ÞÑ t3.

So the cusp is birationally isomorphic to the affine line k .

Ulrich Krähmer (TU Dresden) Diferential operators on the cusp QMUL 14/07/23 5 / 26



The field kpX q

1 From now on we assume that X is an affine variety (is
irreducible), that is, that krX s is an integral domain.

2 For a plane curve (d “ 2, n “ 1) this means that the defining
polynomial r1 P krx1, x2s is irreducible, as is the case for the cusp.

3 The field of rational functions X Ñ k is the quotient field

kpX q :“ t
f

g
| f , g P krX s, g ‰ 0u.

4 For the cusp, we have a k-algebra isomorphism

kpX q – kptq “ t
f

g
| f , g P krts, g ‰ 0u, x1 ÞÑ t2, x2 ÞÑ t3.

So the cusp is birationally isomorphic to the affine line k .
Ulrich Krähmer (TU Dresden) Diferential operators on the cusp QMUL 14/07/23 5 / 26



The affine variety X̄

1 The normalisation of krX s is its integral closure krX s in kpX q,
that is, the k-algebra of all roots r P kpX q of monic polynomials

rm ` f1r
m´1

` ¨ ¨ ¨ ` fm´1r ` fm “ 0, fj P krX s

with coefficients in krX s.

Theorem (Noether 1926)

krX s is a finitely generated krX s-module.

2 In particular, it is a finitely generated k-algebra, hence by the
Nullstellensatz the coordinate ring of an affine variety X̄ .
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The morphism π : X̄ Ñ X

1 Furthermore, the inclusion

krX s ãÑ krX s

corresponds to a surjection with finite fibres

π : X̄ ↠ X , 0 ă |π´1
pxq| ă 8 @x P X .

2 If X is nonsingular (smooth), then X “ X̄ . For a curve, this is iff.
3 The cusp is singular, but π is bijective: the normalisation of

krt2, t3s Ď kptq is krts Ď kptq, so X̄ “ k is the affine line, and

π : k “ X̄ Ñ X , τ ÞÑ pτ 2, τ 3q.
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The bialgebroid H
1 We’ll study (left) bialgebroids H over A with source = target and

injective anchor ε̂; I’ll suppress them and assume A Ď H Ď EndkpAq.

s “ t : A ãÑ H , ε̂ : H ãÑ EndkpAq.

2 The coproduct will be denoted by

∆: H Ñ H ˆA H , h ÞÑ hp1q bA hp2q.

3 For a P A,
ř

i gi bA hi P H ˆA H , we have
ÿ

i

agi bA hi “
ÿ

i

gi bA ahi and even
ÿ

i

giabA hi “
ÿ

i

gi bA hia

because we are in H bA H and even in H ˆA H Ď H bA H .
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The involutive Hopf algebroid H

Definition

H becomes an involutive Hopf algebroid if we can and do choose a
morphism of k-algebras S : H Ñ Hop satisfying for a P A, h P H

S2
phq “ h, Spaq “ a, Sphp1qqhp2q “ rSphqsp1q,

p∆ bA idHq ˝ ∆1
“ p∆1

bA idHq ˝ ∆,

where ∆1pSphqq “ Sphp2qq bA Sphp1qq.
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The A-ring DpAq

1 The inclusion A Ď EndkpAq identifies the elements a P A with the
multiplication operators =: differential operators of order 0

A Ñ A, b ÞÑ ab.

Higher order differential operators are defined inductively:

Definition
The A-ring DpAq of k-linear differential operators over A is the
filtered k-subalgebra DpAq “

Ť

nPNDpAqn Ď EndkpAq, where

1 DpAq0 “ A,

2 DpAqn “ tD P EndkpAq | Da ´ aD P DpAqn´1 @a P Au, n ě 1.
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Part 2: Motivations
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The Nakai conjecture
1 For all A, we have an isomorphism of A-modules

DpAq
1

Ñ DerkpAq ‘ A, D ÞÑ pD ´ Dp1q,Dp1qq.

Theorem (Grothendieck 1967, Sweedler 1974)
If X is smooth, this induces an iso DpkrX sq – UpkrX s,DerkpkrX sqq.

Here the right hand side is the universal eneloping algebra of the
Lie-Rinehart algebra pkrX s,DerkpkrX sqq.

Conjecture (Nakai 1961, sort of)
This is an if and only if (“but nothing is yet known about it”).

By now, it is known for curves and a few more examples.
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The Zariski-Lipman conjecture

1 If I is the kernel of the multiplication map krX s bk krX s Ñ krX s

and Ω1pX q “ I {I 2 is the krX s-module of Kähler differentials, then
DerkpkrX sq – HomApΩ1pX q, krX sq and we have:

Theorem
X is smooth iff Ω1pX q is a projective krX s-module of rank dimpX q.

2 In particular: If X is smooth, then DerkpkrX sq is a finitely generated
projective krX s-module.

The Nakai conjecture would imply:

Conjecture (Zariski, Lipman 1965)
This is an if and only if.
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The Poincaré-Birkhoff-Witt theorem

1 Recall furthermore that Rinehart has extended the
Poincaré-Birkhoff-Witt theorem to Lie-Rinehart algebras:

Theorem (Rinehart 1963)
If pA, Lq is a Lie-Rinehart algebra and L is a projective A-module, then

GrpUpA, Lqq – SAL.

Here Gr is the associated graded k-algebra, where UpA, Lq is
filtered with UpA, Lqn being the A-module generated by all
monomials X1 ¨ ¨ ¨Xl , l ď n, Xj P L, and SAL is the symmetric
algebra of the A-module L.
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The motivation for our theorem
1 UpA, Lq is for all Lie-Rnehart algebras a left Hopf algberoid. It is

not always a full or even involutive Hopf algebroid.
2 The obvious extension of Cartier-Milnor-Moore holds in the

projective case:

Theorem (Moerdijk, Mrčun 2010)
The cocommutative conilpotent left Hopf algberoids H that are
projective as A-modules are precisely those of the form UpA, Lq.

3 Hence we think it is natural to ask:

Question
For which A is DpAq what sort of Hopf algebroid?
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Part 3: The main result – details
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The formulas: generators

1 Abbreviate from now on A :“ krt2, t3s Ď B :“ krt, t´1s and

B :“
d

dt
: B Ñ B , t j ÞÑ jt j´1.

2 The following are differential operators of A:

D0 :“ tB, D1 :“ t2B P DpAq
1,

E´1 :“ tB2
´ B, E´2 :“ B

2
´

2

t
B P DpAq

2,

E´3 :“ B
3

´
3

t
B
2

`
3

t2
B P DpAq

3.
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The formulas: relations

Proposition (Smith 1981)
The ring DpAq is generated as an algebra over k by the elements
x , y ,D0,E´2,E´3, satisfying the following relations:

rx , y s “ 0, x3 “ y 2, rE´2,E´3s “ 0, E 3
´2 “ E 2

´3,

xE´2 “ D0pD0 ´ 3q, E´2x “ pD0 ` 2qpD0 ´ 1q, yE´2 “ D1pD0 ´ 3q,

E´2y “ D1pD0 ` 3q, xE´3 “ E´1pD0 ´ 4q, E´3x “ E´1pD0 ` 2q,

yE´3 “ D0pD0 ´ 2qpD0 ´ 4q, E´3y “ pD0 ` 3qpD0 ` 1qpD0 ´ 1q,

rD0, xs “ 2x , rD0, y s “ 3y , rD0,E´2s “ ´2E´2, rD0,E´3s “ ´3E´3,

where D1 “ ypD0 ´ 1qE´2 ´ x2E´3 and E´1 “ xpD0 ´ 1qE´3 ´ yE 2
´2.
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The formulas: ∆ and S

1 ∆ : DpAq Ñ DpAq ˆA DpAq is the morphism of A-rings such that

∆ pD0q “ D0 bA 1 ` 1 bA D0,

∆ pE´2q “ E´2 bA 1`2D0 bA pD0 ´1qE´2 ´2D1 bA E´3 `1bA E´2,

∆ pE´3q “E´3 bA 1 ` 3E´2 bA E´1 ´ 3E´1 bA E´2

` 6D0 bA pD0 ´ 1qE´3 ´ 6D1 bA E 2
´2 ` 1 bA E´3,

2 S : DpAq Ñ DpAqop is the involutive A-ring morphism such that

SpD0q “ 1 ´ D0, SpE´2q “ E´2, SpE´3q “ ´E´3.
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Part 4: The main result – ingredients in the proof
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Differential operators on curves

1 Assume X is a curve. Here is beautiful stuff:

Theorem (Smith, Stafford 1988)
DpkrX sq is a finitely generated and Noetherian k-algebra with a unique
minimal ideal J �DpAq, and dimkpDpAq{Jq ă 8. Tfae:

π is injective.

DpkrX sq is a simple ring.

DpkrX sq and DpkrX̄ sq are Morita equivalent.

GrpDpkrX sqq is Noetherian.

The global dimension of DpkrX sq is 1.
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The grading

1 All we took from that paper is that DpkrX sq embeds into DpkpX qq

and in fact for the cusp into DpBq as the k-subalgebra of those
D P DpBq that map A “ krt2, t3s Ď B “ krt, t´1s to itself.

2 This yields a grading on the right krD0s-module DpAq:

Proposition
The right krD0s-module DpAq is free with a basis
t. . . ,E´3,E´2,E´1,E0 “ 1,D1, t

2, t3, . . .u described on the next slide.
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The weird polynomials

1 The operators E´d : A Ñ A are given by

E´dpt jq “ ℓ´dpjqt j´d ,

where ℓ´d P Zrjs is such that you get E´dpt jq “ 0 if t j´d R krt2, t3s:

ℓ´dpjq “
ź

iPM

pj ´ iq

with M the set of those i P 2N ` 3N such that i ´ d ă 0 (so
i ď d ´ 1) or i ´ d “ 1 (so i “ d ` 1).

2 Remark: D0E´d “ E´dpD0 ´ dq, so the basis is also a basis of the
left krD0s-module DpAq.

Ulrich Krähmer (TU Dresden) Diferential operators on the cusp QMUL 14/07/23 23 / 26



The filtration that Myriam built

1 The trouble is that the A-modules DpAqn of differential operators of
order ď n are not projective. However, the A-modules

Fn :“ spanAtD0E´n,E´n´1,E´n, . . . ,E´3,E´2,E0u

are free (with the listed elements as basis).
2 We have Fn Ď Fn`2 and DpAqn´1 Ĺ Fn Ĺ DpAqn`1.
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What for?

1 It is straightforward to show that

Fn bA Fn Ñ HomkpA bk A,Aq, D bA E ÞÑ pa bk b ÞÑ DpaqE pbqq

is injective, and to use this in order to show that DpAq bA DpAq

embeds into HomkpA bk A,Aq as well; from here, we obtain that
DpAq ˆA DpAq embeds into DpBq ˆB DpBq, where B “ krt, t´1s,
and use this to find the Hopf algebroid structure on DpAq.

2 Remark:The filtration Fn also yields a direct proof of:

Proposition (Ben-Zvi, Nevins 2004)
DpAq is a flat A-module.
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Further reading

1 The observations of Sweedler and Heyneman are all contained in
Sweedler’s big 1974 article in the memory of Rinehart, see in
particular Theorem 18.2 therein.

2 The book by McConnell and Robson ends with a quite good
introduction to rings of differential operators.

3 In the early 2000s Saito and Traves extended some of the above to
DpAq where A is an abelian semigroup algebra (in our case
2N ` 3N).
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