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I. Classical and Quantum
symmetries
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Gauge symmetries

Correspondence: Gauge symmetries <> Algebra
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Generalized gauge symmetries

Correspondence: Generalized gauge symmetries <+ Algebra
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Il. Symmetries in 3D Classical
and Quantum gravity
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3d gravity as a Chern-Simons theory

Local model spacetimes and isometry groups (Gp ()

A Euclidean (c? < 0) Lorentzian (c? > 0)

0 | E®=1S0(3)/SO(3) | M*™ =150(2,1)/S0(2,1)
>0| S*=50(4)/SO(3) | dS*** =50(3,1)/S0(2,1)
<0 | H>=50(3,1)/SO(3) | AdS*™ = S0(2,2)/S0(2,1)
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3d gravity as a Chern-Simons theory

Local model spacetimes and isometry groups (Gp ()

A Euclidean (c? < 0) Lorentzian (c? > 0)

0 | E®=1S0(3)/SO(3) | M*™ =150(2,1)/S0(2,1)
>0| S*=50(4)/SO(3) | dS*** =50(3,1)/S0(2,1)
<0 | H>=50(3,1)/SO(3) | AdS*™ = S0(2,2)/S0(2,1)

Just 6 possible Lie algebras g . generated by {Jy, J1, J2, Po, P1, P2}

s, Jo] = €aped®s  [Jo Po] = €apcPS, and  [Pa, Ps] achC
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3d gravity as a Chern-Simons theory (W, Tl 1128)

Local model spacetimes and isometry groups ( Ga )

A Euclidean (c? < 0) Lorentzian (c? > 0) $—P
0 | E3=1S0(3)/SO(3) | M*T1 =150(2, 1)/50(2, )
>0/| S3=50(4)/SO(3) | dS**1=50(3,1)/S0(2,1)
<0 | H3=50(3,1)/S0(3) | AdS*™! =S0(2,2)/S0O(2,1)

Just 6 possible Lie algebras g . generated by {Jy, J1, J2, Po, P1, P2}

. 'l :
[Jaajb] = 6ach s [J37 Pb] = EabcP 5 and [P37 Pb] = (_C /\) ach
A

Ad-invariant (standard) symmetric bilinear form

(Jaydp) =0, (Ja, Pp) = cznab and (P,,Pp) =0

v
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Why Quantum groups in 3D quantum graV|ty7 G-
—~

Phase space of & free point particle
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Why Quantum groups in 3D quantum gravity?

Phase space of o gravitational point particle
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Why Quantum groups in 3D quantum gravity?

Quantization of the dynamics (Quantum double and x-Poincaré...)
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Why Quantum groups in 3D quantum gravity?

Quantization of the dynamics (Quantum double and x-Poincaré...)
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Quantum groups could be used to encode symmetries of 3D
quantum gravity
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l1l. Enlarging the structure of
guantum symmetries:
Quantum double
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Generalized FRST construction

@ g a finite dimensional Lie algebra and h a Lie subalgebra.

e V a finite dimensional vector space with basis {vy}xecx-

@ w: X — b* an arbitrary map.

@ R € My ® Endy(V ® V) a solution of the QDYBE, s.t. Rj’f =0if

w(x) + w(y) # w(a) + w(b)
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Generalized FRST construction

@ g a finite dimensional Lie algebra and h a Lie subalgebra.

e V a finite dimensional vector space with basis {vy}xecx-

@ w: X — b* an arbitrary map.

@ R € My ® Endy(V ® V) a solution of the QDYBE, s.t. Rj’f =0if

w(x) + w(y) # w(a) + w(b)

Output (FRST construction) [Koeling and Van Norden (2001)]
An b-bialgebroid generated by {L,y }« ex and two copies of M-
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The Hopf algebroid §4(sl>)

Definition (The Hopf algebroid §,(sl>))

Applying the construction above for g = sly, h = C, X = {£},
w(£) ==£1 and

q 0 0

o 1 ] 0
Rqa(A) = g '—q (q2(*+1)jq2)(q2“+”fq‘Z)

O q—2(>\+1)_1 (qz(/\+1)_1)2 O

0 0 0 q

Koeling and Van Norden constructed a Hopf algebroid (quantum
dynamical group) denoted by §q(sl2).
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The Hopf algebroid §4(sl>)

Definition (The Hopf algebroid §,(sl>))

Applying the construction above for g = sly, h = C, X = {£},
w(£) ==£1 and

q 0 0 0
-1
0 1 P 0
Rq() = g '—q (q2(*+1)fq2)(q2“£”fq‘Q)
O q—2(>\+1)_1 (qz(/\+1)_1)2 0
0 0 0 q

Koeling and Van Norden constructed a Hopf algebroid (quantum
dynamical group) denoted by §q(sl2).

/ ,8:L+_/ ’YZL—"M// 5:L— /

)

o = L++7

v
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The Hopf algebroid §4(sl») (Product)

Multiplication
af = qF(p —1)Ba, ay = gF(A\)ye
B6 = qF(A)ép, 76 = qF(p —1)d
ad —da = H(A, p)yB, By — G(A\)B = I(X, p)ad
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The Hopf algebroid §4(sl») (Product)

Multiplication
aB = qF(p — 1)Ba, ay = gF(A\)ye
B0 = qF(X\)ép, v6 = qF(p — 1)
ad —da = H(A, p)yB, By — G(A)B = I(\, p)ad
— F()\) _ q2()\+1) _ qf2 G()\) _ (q2(>\+1) _ q2)(q2(>\+1) _ q*2)
2O+ —1 7 (2O+1) —1)2

HO\p) = 2 ¢ N 1) : L_. i

(20D — (@0 - 1)

(0= )P o) N>
| (A p) = (g2O+1) —1)(q2(+)) — 1) (Vecover K”W”'— HA)
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The Hopf algebroid §4(sl2) (Determinant condition)

Important comment!

In order to get a Hopf-algebroid it is required to adjoin the relation

a8 — gF(\)yf = 1

r§ Ja,lm;ﬁf 2ol

Ao CESLL] :E.__‘,—

P T g v
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The Hopf algebroid §4(sl2) (Counit, Coproduct and
Antipode)

(o) =T-1, €f)=0, €(7)=0, €(d) =Ty, e(f(Aorp))="F
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The Hopf algebroid §4(sl2) (Counit, Coproduct and
Antipode)

(o) =T-1, €f)=0, €(7)=0, €(d) =Ty, e(f(Aorp))="F

Coproduct
Aa)=a®Qa+B®7, AB)=a®B+B®9,
Ay) =7 a+i®7, AD)=7R@B8+0R6,
A(f(A) =f(A) ®1, A(f(p)) =1@ f(p)

JCMP (HWU) Hopf-algebroids and 3d gravity London 12-14 July, 2023 15 /27



The Hopf algebroid §4(sl2) (Counit, Coproduct and
Antipode)

(o) =T-1, €f)=0, €(7)=0, €(d) =Ty, e(f(Aorp))="F

Coproduct
Ala)=a®a+B®7, AB)=a®B+L®4,
AY)=7Ra+0®7, AD)=7R@B8+0R6,
A(f(A) = F(A) @1, A(f(p)) =1@ f(p) )
Antipode
-1
St@) = 25, 5(3) =~ 6. S(4)=~aF( S(0)=a
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Sq(sl2) as a deformation of U,(sly)

Defined as the free algebra over the ring C[[h]] with generators H and X,
such that

H_ gH

qg—q!

[H Xe] = +2Xe,  [Xo,x]=2 . where g = e5.
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Tq(slp) as a deformation

De%ned as the free algebra over the ring C[[A]] with generators H and X,
such that <

-~ Yo I‘om
qH _ q—H 5
[H,Xi] ::|Z2X:|:, [X_|_,X_] = W, where qg=e2.

v

AH)=HR1+10H, AX)=q370X:s+Xe®qs
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Sq(sl2) as a deformation of U,(sly)

Defined as the free algebra over the ring C[[h]] with generators H and X,
such that

H —H

[H,Xe] = £2Xo,  [Xo, X_] = %, where g = e3.
AH)=HR1+10H, AX)=q370X:s+Xe®qs

Counit

| \

e(H) =¢(Xy) =0

.
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Sq(sl2) as a deformation of U,(sly)

Defined as the free algebra over the ring C[[h]] with generators H and X,
such that

gH — g H .
[H,Xi] = :i:2Xi, [X+,X7] = ﬁ, where q= ez,
AH) =HO1+10H, AX)=q 20X +Xs®q7

Counit

| \

e(H) =¢(Xy) =0

Antipode

| \

+1
S(H)=—H,  S(X&) = —q*'Xs |
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as a deformation of Uy(sly) [Due to Rosengrenl]

Proposition [Rosengren (2002)].

/_1 q q—()\—i—l) / R /()\ )
q—q q9—49

X,(ﬁ —— d—: X—( fml/
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Sq(sl) as a deformationreek — Latin)

ba = qgab, ca = qgac, bdg~db, cd = g tde,
da—ad = (q—q %)bc, bc = cb
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Sq(slp) as a deformation of U,(sl;) (Greek = Latin)

Product

ba = qgab, ca = qgac, bdg~db, cd = g tde,
da—ad = (q—q %)bc, bc = cb

Coproduct

| A

Na@)=a®a+b®c, Ab)=a®b+b®d,
Alc)=c®a+d®c, Ald)=c®b+d®d

v
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Sq(sl) as a jieformation of Uy(sl;) (Greek = Latin)

—_

ba = qgab, ca = qgac, bdg~db, cd = g tde,
da—ad = (q— q Y)bc, bc = cb

Na@)=a®a+b®c, Ab)=a®b+b®d,
Alc)=c®a+d®c, Ald)=c®b+d®d

Counit and Antipode

e(a) =1, e(b) =0, e(c) =0, e(d)=1
S(a) =d, S(b) = —qb, S(c) = —q7'c, S(d)=a

A,
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Duality between Uy(sly) and Ug(sl3)

Proposition

The duality pairing between Ug(slz) and Ug(sl3) is given by

+4 _ 41 +8, 1 e
(g72,a) =g, (72)=gq L
Xy, by =1, (X_,c)=1
Hopf-algebroids and 3d gravity London 12-14 July, 2023 19 /27



The quantum double D(U,(sl,))

The double construction

D(Uq(s2)) = Ug(suz) s Cg[SL(2, C)]%P =2 Up(s1tz) <1 Ug(s115)°P
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The quantum double D(U,(sl,))

The double construction

D(Uq(s2)) = Ug(suz) s Cg[SL(2, C)]%P =2 Up(s1tz) <1 Ug(s115)°P

Crossed products (involving H)
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The quantum double D(Uq,(sl»))

The double construction

D(Uq(s2)) = Ug(suz) s Cg[SL(2, C)]%P =2 Up(s1tz) <1 Ug(s115)°P

Crossed products (involving H)

[92,2]=0, q*b=q 'bg®, qic=gqcq:, [q%,d]=
Crossed products (involving X4.)
1 H
X_a=q ~aX_+ bqg?, [X_,b] =0,

[X_,cl=q(q2d —q 2a), dX_=q X_d+q2b,
aX+ = qX+a + q_gc7 [X+7 C] = 05
[Xi. bl =g Yq%a—q 2d),  X.d=qdX; +cq?
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The Hopf algebroid §4(sl») is self-dual |
Norden, Rosengren (2003)]

Koelink, Van

—_— -

(e (5
(<5
(<
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The Hopf algebroid §4(sl2) is self-dual [Koelink, Van
Norden, Rosengren (2003)]

Conclusion 2

The Hopf algebroi ould be realized as a
deformation/extension of " tT€ quantum group D(U,(sl,)).
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IV. Enlarging the structure of
quantum symmetries:
r-Poincaré
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rk-Poincaré Hopf algebra (Product and Coproduct)

The k-Poincaré Hopf algebra U(P,;) is generated by the Lorentz
generators N, and momentum generators p,, such that
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rk-Poincaré Hopf algebra (Product and Coproduct)

The k-Poincaré Hopf algebra U(P,;) is generated by the Lorentz
generators N, and momentum generators p,, such that

Product

[plap_/] =0, [Ma Nl] = Ny, [NO; N2] = _Nl, [Nl, N2] = —No,
[No, po] = 0, [No, pi] = i€ijpi, [N, po] = —iejipje P

i _ e2 P _ 1 »
[Ni, pi] = Seize AP0 (—A - Apz)
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rk-Poincaré Hopf algebra (Product and Coproduct)

The k-Poincaré Hopf algebra U(P,;) is generated by the Lorentz
generators N, and momentum generators p,, such that

Product

[plap_/] = 07 [Ma Nl] = N27 [NOa N2] - _Nla

[N17 N2] = _N07
[N07 pO] = 07 [NO, p,] = iﬁijp,',

[Ni, po] = —iejpje "
2\po __ 1

Coproduct

| A\

Alp)=po®1+1®py,  Alp)=pi @1+ R p;
A(Ni) =1 N;,+ N,-®e_’\p° —I—)\No®p,-e_>"’°,
A(No):].@NQ—{—No@l

v
JCMP (HWU)
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rk-Poincaré Hopf algebra (Counit and Antipode)
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rk-Poincaré Hopf algebra (Counit and Antipode)

Antipode

5(po) = —po, S(pi) = —pie
S(No) = —N,  S(N;) = —e *P(N; + ANp;)
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The Heisenberg Hopf algebroid H

The Heisenberg algebra #H (+Hopf algebroid structure)

{ [X,uaxu] = [pmpr/] =0, [puaxl/] = _i'rl;u/
can be equipped with a_Hopf algebroid structure via

No(p) =pu®1+1®pu,  Do(xy) =x®1

gO(h) =ho 17 S:O(pﬂ«) = —Pu; §O(XM) = —Xu»
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The Heisenberg Hopf algebroid H

The Heisenberg algebra #H (+Hopf algebroid structure)

[X,uaXu] = [P/upu] =0, [p/uxu] = —IMuw

can be equipped with a Hopf algebroid structure via

H):pﬁ®1+1®p}u p):X;L@]-
@. ) =hvl, p“) = —Pu; §0u) = —Xu, )

Algebra exercise!

We can recover the algebra part of U(P,) from H using

Z2-1 A, v
— P2> — X0Pi; Mo = x1p2 — x2p1

M; =xZ71
X < 2 2

with Z = e*Po.

v
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Recovering U(P,.) from the Heisenberg Hopf algebroid

Proposition [Juric, Meljanac, Strajn, Pachol (2013)]

The Hopf algebra structure of U(P,) could be recover from the Hopf
algebroid structure over H_byv twistine it with

@ exp(—iApo ® XkPk)

- v .
AC)=FRo()VF, e=é  and  S()=xS()x

where x = exp(iApox;ipi)-
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Recovering U(P,.) from the Heisenberg Hopf algebroid

Proposition [Juric, Meljanac, Strajn, Pachol (2013)]

The Hopf algebra structure of U(P,) could be recover from the Hopf
algebroid structure over H by twisting it with

F = exp(—irpo @ Xkpk)

A =FRo()F, e=4& and S() = xSo()x 7t

where x = exp(iApox;ipi)-

The Heisenberg Haopf algebroid 7 is ist) deformation of
the quantum group\U(P,)

JCMP (HWU) Hopf-algebroids and 3d gravity London 12-14 July, 2023 26 /27



Main References

@ Lukierski, J., Skoda, Z. and Woronowicz, M. On Hopf algebroid
structure of /{—de:%}ned Heisenberg algebra. Phys. Atom. Nuclei 80,
576-585 (2017).

@ Majid, S. and Osei, P.K. Quasitriangular structure and twisting Of%
3D bicrossproduct model. J. High Energ. Phys. 2018, 147 (2018).

© Rosengren, H. Duality and Self-Duality for Dynamical Quantum
Groups. Algebras and Representation Theory 7, 363-393 (2004). /

© Koelink.E and van Norden.Y , Pairings and actions for dynamical
quantum group‘s,ﬁvances in Mathematics, Volume 208, Issue 1,
1-39 (2007).

Thank You!/|

Any Questions? Please ask!!

=
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