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I. Classical and Quantum
symmetries
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Gauge symmetries

Correspondence: Gauge symmetries $ Algebra

Type Algebraic structure

Classical

Semi-classical

Quantum
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Generalized gauge symmetries

Correspondence: Generalized gauge symmetries $ Algebra

Type Algebraic structure

Classical

Semi-classical

Quantum
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II. Symmetries in 3D Classical
and Quantum gravity
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3d gravity as a Chern-Simons theory

Local model spacetimes and isometry groups (G⇤,c)

⇤ Euclidean (c2 < 0) Lorentzian (c2 > 0)
0 E3 = ISO(3)/SO(3) M2+1 = ISO(2, 1)/SO(2, 1)

> 0 S3 = SO(4)/SO(3) dS2+1 = SO(3, 1)/SO(2, 1)
< 0 H3 = SO(3, 1)/SO(3) AdS2+1 = SO(2, 2)/SO(2, 1)

Just 6 possible Lie algebras g⇤,c generated by {J0, J1, J2,P0,P1,P2}

[Ja, Jb] = ✏abcJ
c , [Ja,Pb] = ✏abcP

c , and [Pa,Pb] = (�c2⇤| {z }
�

)✏abcJ
c

Ad -invariant (standard) symmetric bilinear form

hJa, Jbi = 0, hJa,Pbi = c2⌘ab and hPa,Pbi = 0
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Why Quantum groups in 3D quantum gravity?

Phase space of a free point particle
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Why Quantum groups in 3D quantum gravity?

Phase space of a gravitational point particle
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Why Quantum groups in 3D quantum gravity?

Quantization of the dynamics (Quantum double and -Poincaré...)

Conclusion 1

Quantum groups could be used to encode symmetries of 3D
quantum gravity
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Why Quantum groups in 3D quantum gravity?

Quantization of the dynamics (Quantum double and -Poincaré...)

Conclusion 1

Quantum groups could be used to encode symmetries of 3D
quantum gravity
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III. Enlarging the structure of
quantum symmetries:

Quantum double
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Generalized FRST construction

Input

g a finite dimensional Lie algebra and h a Lie subalgebra.
V a finite dimensional vector space with basis {vx}x2X .
! : X ! h⇤ an arbitrary map.
R 2 Mh⇤ ⌦ Endh(V ⌦ V ) a solution of the QDYBE, s.t. Rab

xy = 0 if
!(x) + !(y) 6= !(a) + !(b)

Output (FRST construction) [Koeling and Van Norden (2001)]

An h-bialgebroid generated by {Lxy}x ,y2X and two copies of Mh⇤
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The Hopf algebroid Fq(sl2)

Definition (The Hopf algebroid Fq(sl2))

Applying the construction above for g = sl2, h = C, X = {±},
!(±) = ±1 and

Rq(�) =

0

BBBB@

q 0 0 0

0 1 q
�1�q

q2(�+1)�1
0

0 q
�1�q

q�2(�+1)�1

(q
2(�+1)�q

2
)(q

2(�+1)�q
�2

)

(q2(�+1)�1)2
0

0 0 0 q

1

CCCCA

Koeling and Van Norden constructed a Hopf algebroid (quantum
dynamical group) denoted by Fq(sl2).

Notation

↵ = L++, � = L+�, � = L�+, � = L��
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The Hopf algebroid Fq(sl2) (Product)

Multiplication

↵� = qF (⇢� 1)�↵, ↵� = qF (�)�↵

�� = qF (�)��, �� = qF (⇢� 1)��

↵� � �↵ = H(�, ⇢)��, �� � G (�)�� = I (�, ⇢)↵�

Functions

F (�) =
q2(�+1)

� q�2

q2(�+1) � 1
, G (�) =

(q2(�+1)
� q2)(q2(�+1)

� q�2)

(q2(�+1) � 1)2

H(�, ⇢) =
(q � q�1)(q2(�+⇢+2)

� 1)

(q2(�+1) � 1)(q2(⇢+1) � 1)
,

I (�, ⇢) =
(q � q�1)(q2(⇢+1)

� q2(�+1))

(q2(�+1) � 1)(q2(⇢+1) � 1)
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The Hopf algebroid Fq(sl2) (Determinant condition)

Important comment!

In order to get a Hopf-algebroid it is required to adjoin the relation

↵� � qF (�)�� = 1
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The Hopf algebroid Fq(sl2) (Counit, Coproduct and
Antipode)
Counit

✏(↵) = T�1, ✏(�) = 0, ✏(�) = 0, ✏(�) = T+1, ✏(f (� or ⇢)) = f

Coproduct

4(↵) = ↵⌦ ↵+ � ⌦ �, 4(�) = ↵⌦ � + � ⌦ �,

4(�) = � ⌦ ↵+ � ⌦ �, 4(�) = � ⌦ � + � ⌦ �,

4(f (�)) = f (�)⌦ 1, 4(f (⇢)) = 1⌦ f (⇢)

Antipode

S(↵) =
F (�)

F (⇢)
�, S(�) = �

q�1

F (µ)
�, S(�) = �qF (�)�, S(�) = ↵

JCMP (HWU) Hopf-algebroids and 3d gravity London 12-14 July, 2023 15 / 27



The Hopf algebroid Fq(sl2) (Counit, Coproduct and
Antipode)
Counit

✏(↵) = T�1, ✏(�) = 0, ✏(�) = 0, ✏(�) = T+1, ✏(f (� or ⇢)) = f

Coproduct

4(↵) = ↵⌦ ↵+ � ⌦ �, 4(�) = ↵⌦ � + � ⌦ �,

4(�) = � ⌦ ↵+ � ⌦ �, 4(�) = � ⌦ � + � ⌦ �,

4(f (�)) = f (�)⌦ 1, 4(f (⇢)) = 1⌦ f (⇢)

Antipode

S(↵) =
F (�)

F (⇢)
�, S(�) = �

q�1

F (µ)
�, S(�) = �qF (�)�, S(�) = ↵

JCMP (HWU) Hopf-algebroids and 3d gravity London 12-14 July, 2023 15 / 27



The Hopf algebroid Fq(sl2) (Counit, Coproduct and
Antipode)
Counit

✏(↵) = T�1, ✏(�) = 0, ✏(�) = 0, ✏(�) = T+1, ✏(f (� or ⇢)) = f

Coproduct

4(↵) = ↵⌦ ↵+ � ⌦ �, 4(�) = ↵⌦ � + � ⌦ �,

4(�) = � ⌦ ↵+ � ⌦ �, 4(�) = � ⌦ � + � ⌦ �,

4(f (�)) = f (�)⌦ 1, 4(f (⇢)) = 1⌦ f (⇢)

Antipode

S(↵) =
F (�)

F (⇢)
�, S(�) = �

q�1

F (µ)
�, S(�) = �qF (�)�, S(�) = ↵

JCMP (HWU) Hopf-algebroids and 3d gravity London 12-14 July, 2023 15 / 27

!



Fq(sl2) as a deformation of Uq(sl2)

Defined as the free algebra over the ring C[[~]] with generators H and X±,
such that

Product

[H,X±] = ±2X±, [X+,X�] =
qH � q�H

q � q�1
, where q ⌘ e

~
2 .

Coproduct

4(H) = H ⌦ 1 + 1⌦ H, 4(X±) = q�
H

2 ⌦ X± + X± ⌦ q
H

2

Counit

✏(H) = ✏(X±) = 0

Antipode

S(H) = �H, S(X±) = �q±1X±
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Fq(sl2) as a deformation of Uq(sl2) [Due to Rosengren]

Proposition [Rosengren (2002)].

X+ ⌘ q�1
q�+1

� q�(�+1)

q � q�1
�, X� ⌘ �q

q⇢ � q�⇢

q � q�1
�, qH ⌘ q

1

2
(��⇢)
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Fq(sl2) as a deformation of Uq(sl
⇤

2) (Greek =) Latin)

Product

ba = qab, ca = qac , bdq�1db, cd = q�1dc ,

da� ad = (q � q�1)bc , bc = cb

Coproduct

4(a) = a⌦ a+ b ⌦ c , 4(b) = a⌦ b + b ⌦ d ,

4(c) = c ⌦ a+ d ⌦ c , 4(d) = c ⌦ b + d ⌦ d

Counit and Antipode

✏(a) = 1, ✏(b) = 0, ✏(c) = 0, ✏(d) = 1

S(a) = d , S(b) = �qb, S(c) = �q�1c , S(d) = a
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Duality between Uq(sl2) and Uq(sl
⇤

2)

Proposition

The duality pairing between Uq(sl2) and Uq(sl
⇤
2) is given by

hq±
H

2 , ai = q±1, hq±
H

2 i = q⌥
1

2

hX+, bi = 1, hX�, ci = 1
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The quantum double D(Uq(sl2))

The double construction

D(Uq(sl2)) ⌘ Uq(su2) ./ Cq[SL(2,C)]op ⇠= Uq(su2) ./ Uq(su
⇤
2)

op

Crossed products (involving H)

[q
H

2 , a] = 0, q
H

2 b = q�1bq
H

2 , q
H

2 c = qcq
H

2 , [q
H

2 , d ] = 0

Crossed products (involving X±)

X�a = q�1aX� + bq
H

2 , [X�, b] = 0,

[X�, c] = q(q
H

2 d � q�
H

2 a), dX� = q�1X�d + q
H

2 b,

aX+ = qX+a+ q�
H

2 c , [X+, c] = 0,

[X+, b] = q�1(q
H

2 a� q�
H

2 d), X+d = qdX+ + cq
H

2
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The Hopf algebroid Fq(sl2) is self-dual [Koelink, Van
Norden, Rosengren (2003)]

Proposition.

⌧
X+,

✓
↵ �
� �

◆�
=

✓
0 F (�� 1)
0 0

◆
,

⌧
X�,

✓
↵ �
� �

◆�
=

✓
0 0
1

F (�) 0

◆

⌧
K+,

✓
↵ �
� �

◆�
=

 
q

1

2T�1 0

0 q�
1

2T+1

!
,

⌧
K�,

✓
↵ �
� �

◆�
=

 
q�

1

2T�1 0

0 q
1

2T+1

!

Conclusion 2

The Hopf algebroid Fq(sl2) could be realized as a
deformation/extension of the quantum group D(Uq(sl2)).
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IV. Enlarging the structure of
quantum symmetries:

-Poincaré
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-Poincaré Hopf algebra (Product and Coproduct)

The -Poincaré Hopf algebra U(P) is generated by the Lorentz
generators Nµ and momentum generators pµ, such that

Product

[pi , pj ] = 0, [M,N1] = N2, [N0,N2] = �N1, [N1,N2] = �N0,

[N0, p0] = 0, [N0, pi ] = i✏ijpi , [Ni , p0] = �i✏ijpje
��p0

[Ni , pj ] =
i

2
✏ije

��p0

✓
e2�p0 � 1

�
� �~p2

◆

Coproduct

4(p0) = p0 ⌦ 1 + 1⌦ p0, 4(pi ) = pi ⌦ 1 + e�p0 ⌦ pi

4(Ni ) = 1⌦ Ni + Ni ⌦ e��p0 + �N0 ⌦ pie
��p0 ,

4(N0) = 1⌦ N0 + N0 ⌦ 1
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The -Poincaré Hopf algebra U(P) is generated by the Lorentz
generators Nµ and momentum generators pµ, such that

Product

[pi , pj ] = 0, [M,N1] = N2, [N0,N2] = �N1, [N1,N2] = �N0,

[N0, p0] = 0, [N0, pi ] = i✏ijpi , [Ni , p0] = �i✏ijpje
��p0

[Ni , pj ] =
i

2
✏ije

��p0

✓
e2�p0 � 1

�
� �~p2

◆

Coproduct

4(p0) = p0 ⌦ 1 + 1⌦ p0, 4(pi ) = pi ⌦ 1 + e�p0 ⌦ pi

4(Ni ) = 1⌦ Ni + Ni ⌦ e��p0 + �N0 ⌦ pie
��p0 ,

4(N0) = 1⌦ N0 + N0 ⌦ 1

JCMP (HWU) Hopf-algebroids and 3d gravity London 12-14 July, 2023 23 / 27

!



-Poincaré Hopf algebra (Counit and Antipode)

Counit

✏(pµ) = ✏(Nµ) = 0

Antipode

S(p0) = �p0, S(pi ) = �pie
��p0

S(N0) = �N, S(Ni ) = �e��p0(Ni + �Npi )
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The Heisenberg Hopf algebroid H

The Heisenberg algebra H (+Hopf algebroid structure)

[xµ, x⌫ ] = [pµ, p⌫ ] = 0, [pµ, x⌫ ] = �i⌘µ⌫

can be equipped with a Hopf algebroid structure via

4̃0(pµ) = pµ ⌦ 1 + 1⌦ pµ, 4̃0(xµ) = xµ ⌦ 1

✏̃0(h) = h . 1, S̃0(pµ) = �pµ, S̃0(xµ) = �xµ,

Algebra exercise!

We can recover the algebra part of U(P) from H using

Mi = xiZ
�1

✓
Z 2

� 1

2�
�

�

2
~p2
◆
� x0pi , M0 = x1p2 � x2p1

with Z = e�p0 .
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Recovering U(P) from the Heisenberg Hopf algebroid

Proposition [Juŕıc, Meljanac, Strajn, Pachol (2013)]

The Hopf algebra structure of U(P) could be recover from the Hopf
algebroid structure over H by twisting it with

F = exp(�i�p0 ⌦ xkpk)

i.e.

4(·) = F4̃0(·)F , ✏ = ✏̃0 and S(·) = �S̃0(·)�
�1

where � = exp(i�p0xipi ).

Conclusion 3

The Heisenberg Hopf algebroid H is a (twist) deformation of
the quantum group U(P)
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Thank You!
Any Questions? Please ask!
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